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In this paper we extend the idea of usual Cauchy condition of nets to I-Cauchy condition
by using the concept of ideals. This Cauchy condition arises naturally from the notion of
I-convergence of nets introduced by Lahiri and Das (2008). As the underlying structure for
the whole study we take a uniform space so that our notion and results extend the idea
of statistical Cauchy sequences very recently introduced in uniform spaces by Di Maio and
Kocˇinac (2008). In particular we try to give partial answers to an open problem posed by
Di Maio and Kocˇinac and examine the relationship between this new Cauchy condition and
usual completeness of a uniform space.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction and background
The idea of convergence of a real sequence had been extended to statistical convergence by Fast [2] (see also Schoen-
berg [12]) as follows: If N denotes the set of natural numbers and K ⊂ N then Kn denotes the set {k ∈ K : k  n} and |Kn|
stands for the cardinality of the set Kn . The natural density of the subset K is deﬁned by
d(K ) = lim
n→∞
|Kn|
n
provided the limit exists.
A sequence {xn}n∈N of points in a metric space (X,ρ) is said to be statistically convergent to  if for arbitrary  > 0,
the set K () = {k ∈ N: d(xk, )  } has natural density zero. A lot of investigations have been done on this convergence
and its topological consequences after the initial works by Fridy [3] and Šalát [11]. In particular, very recently Di Maio and
Kocˇinac [9] introduced the concept of statistical convergence in topological spaces as well as uniform spaces and established
the topological nature of this convergence as also offered some applications to selection principles theory, function spaces
and hyperspaces.
However if one considers the concept of nets instead of sequences (which undoubtedly play more important and natural
role in topological and uniform spaces [6]) the above approach does not seem to be appropriate because of the absence of
any idea of density in arbitrary directed sets. Instead it seems more appropriate to follow the more general approach of [4].
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easy to check that the family Id = {A ⊂ N: d(A) = 0} forms a non-trivial admissible ideal of N (recall that I ⊂ 2N is
called an ideal if (i) φ ∈ I , (ii) A, B ∈ I implies A ∪ B ∈ I and (iii) A ∈ I , B ⊂ A implies B ∈ I . I is called non-trivial if
I = {φ} and N /∈ I . I is admissible if it contains all singletons. If I is a proper non-trivial ideal then the family of sets
F (I) = {M ⊂ N: there exists A ∈ I: M = N \ A} is a ﬁlter in X . It is called the ﬁlter associated with the ideal). Thus one may
consider an arbitrary ideal I of N and deﬁne I-convergence of a sequence as follows.
A sequence {xn}n∈N in a metric space (X,ρ) is said to be I-convergent to x ∈ X (in short x = I − limn→∞xn) if K () ∈ I
for each  > 0, where K () = {k ∈ N: d(xk, x) }.
It has been recently observed in [8] (see also [7]) that two types of convergence, namely I-convergence and I∗-
convergence can be considered in line of statistical and s∗-convergence of [9] but unlike [9], these concepts are not in
general equivalent even in ﬁrst countable spaces (which can be shown by constructing proper examples) and only coincide
if and only if the ideal satisﬁes a condition called condition (DP). The basic topological nature of these convergence were
established in [8]. In this paper we continue in that direction and introduce the notion of I-Cauchy nets. We mainly investi-
gate an open problem posed by Di Maio and Kocˇinac (Problem 2.16 [9]) and try to give some answers. This motivates us to
consider the idea of completeness of a uniform space and we also consider the impact of this generalization on the notion
of completeness and make certain interesting observations.
The following deﬁnitions and notations will be needed.
Throughout the paper the pair (X,Γ ) will stand for a uniform space which will be written sometimes simply as X .
It can be recalled that in a uniform space (X,Γ ), for any point x ∈ X , the collection {U (x): U ∈ Γ } (where U (x) =
{y ∈ X: (x, y) ∈ U }) forms a local neighborhood basis at x. The corresponding topology is called the uniform topology
on X . By an open set in X we shall always mean an open set in the uniform topology in X .
Throughout (D,) will stand for a directed set and I a non-trivial ideal of D . Also the symbol N is reserved for the set
of natural numbers. A net in X will be denoted by {sα: α ∈ D} or simply by {sα}, when there is no confusion about D .
Let for α ∈ D , Mα = {β ∈ D: β  α}. Then the collection F0 = {A ⊂ D: A ⊃ Mα for some α ∈ D} forms a ﬁlter in D . Let
I0 = {A ⊂ D: D \ A ∈ F0}. Then I0 is a non-trivial ideal of D .
Deﬁnition 1. ([8]) A non-trivial ideal I of D will be called D-admissible if Mα ∈ F (I) for all α ∈ D .
Deﬁnition 2. ([8]) A net {sα: α ∈ D} in X is said to be I-convergent to x0 ∈ X if for any open set U containing x0,
{α ∈ D: sα /∈ U } ∈ I .
Deﬁnition 3. ([8]) y ∈ X is called an I-cluster point of a net {sα: α ∈ D} if for any open set U containing y,
{α ∈ D: sα ∈ U } /∈ I .
2. Main results
Following the idea of classical Cauchy condition Fridy [3] formulated the statistical Cauchy condition for sequences of
real numbers (later extended to general topological spaces and uniform spaces by Di Maio et al. [9]) which was further
extended to I-Cauchy condition in a metric space independently by Dems [1] and Nabiev et al. [10]. We further modify it
to deﬁne a Cauchy type condition associated with I-convergence of nets in a uniform space.
We ﬁrst introduce the following deﬁnition.
Deﬁnition 4. A net {sα: α ∈ D} in a uniform space (X,Γ ) is said to be I-Cauchy if for any U ∈ Γ , there exists a β ∈ D such
that {α ∈ D: (sα, sβ) /∈ U } ∈ I .
It is easy to check that when I = I0 the deﬁnition of I-Cauchy condition of a net coincides with the usual Cauchy
condition.
In the following theorem, two equivalent forms of I-Cauchy condition are formulated which will be needed in our main
result.
Theorem 1. For a net {sα: α ∈ D} in a uniform space (X,Γ ) the following conditions are equivalent:
(1) {sα: α ∈ D} is an I-Cauchy net.
(2) For every U ∈ Γ there exists A ∈ I such that β,α /∈ A implies (sβ, sα) ∈ U .
(3) For every U ∈ Γ , {β ∈ D: Eβ(U ) /∈ I} ∈ I , where Eβ(U ) = {α ∈ D: (sα, sβ) /∈ U }.
Proof. (1) ⇒ (2). Let {sα: α ∈ D} be an I-Cauchy net and let U ∈ Γ . Choose a symmetric W ∈ Γ such that W ◦ W ⊂ U .
Now there exists β ∈ D such that {α ∈ D: (sα, sβ) /∈ W } ∈ I i.e. {α ∈ D: (sα, sβ) ∈ W } ∈ F (I). Setting A = Eβ(W ) =
{α ∈ D: (sα, sβ) /∈ W } we have A ∈ I and γ ,α /∈ A implies (sγ , sβ) ∈ W and (sα, sβ) ∈ W which implies (sγ , sα) ∈
W ◦ W ⊂ U .
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{β ∈ D: Eβ(U ) /∈ I} ⊂ A. Let β ∈ D be such that Eβ(U ) /∈ I . If possible let β /∈ A. Since A ∈ I but Eβ(U ) /∈ I , so Eβ(U )
is not a subset of A. Let α ∈ Eβ(U ) \ A. Then (sα, sβ) /∈ U by deﬁnition of Eβ(U ). But α,β /∈ A implies (sα, sβ) ∈ U , a
contradiction. Hence {β ∈ D: Eβ(U ) /∈ I} ⊂ A. Since A ∈ I , so {β ∈ D: Eβ(U ) /∈ I} ∈ I .
(3) ⇒ (1). Let U ∈ Γ . By (3) {β ∈ D: Eβ(U ) /∈ I} ∈ I . Then {β ∈ D: Eβ(U ) ∈ I} ∈ F (I). Since φ /∈ F (I), so
{β ∈ D: Eβ(U ) ∈ I} = φ. Choose β0 ∈ {β ∈ D: Eβ(U ) ∈ I}. Then β0 ∈ D is such that Eβ0(U ) = {α ∈ D: (sα, sβ0) /∈ U } ∈ I .
This completes the proof. 
Theorem 2. In a uniform space X, every I-convergent net satisﬁes I-Cauchy condition.
The proof is straightforward and so is omitted.
The above result was also proved for statistical Cauchy sequences in uniform spaces by Di Maio and Kocˇinac [9]. However
they posed an open problem (Problem 2.16 [9]) as to whether the converse is true. In this paper we mainly investigate this
problem for nets and also the related topic of completeness which give certain suﬃcient conditions for the converse to be
true (and so gives partial answer to Problem 2.16 [9] in terms of nets).
Theorem 3. If an I-Cauchy net {sα: α ∈ D} in a uniform space (X,Γ ) has an I-cluster point x0 then {sα: α ∈ D} is I-convergent
to x0 .
Proof. Let U ∈ Γ . Choose a symmetric V ∈ Γ such that V ◦ V ⊂ U . Let B = {α ∈ D: sα ∈ V (x0)}. Since x0 is an I-cluster
point of {sα: α ∈ D}, so it follows that B /∈ I . Because {sα: α ∈ D} is I-Cauchy, by Theorem 1 there is an A ∈ I such that
γ ,α /∈ A implies (sγ , sα) ∈ V . Clearly B ∩ Ac = φ for otherwise B ⊂ A implies B ∈ I . Choose β ∈ B ∩ Ac . Then sβ ∈ V (x0)
i.e. (sβ, x0) ∈ V . Now α ∈ Ac implies (sα, sβ) ∈ V which implies (sα, x0) ∈ V ◦ V ⊂ U and so sα ∈ U (x0). This shows that
Ac ⊂ {α ∈ D: sα ∈ U (x0)}. Since Ac ∈ F (I), {α ∈ D: sα ∈ U (x0)} ∈ F (I) i.e. {α ∈ D: sα /∈ U (x0)} ∈ I . Therefore {sα: α ∈ D} is
I-convergent to x0. 
Before we prove our next result we make the following observation. Let {tβ : β ∈ E} be a subnet of the net {sα: α ∈ D}
where i : E → D is the mapping satisfying the conditions:
(a) t = s ◦ i,
(b) for any α in D there is an element β0 ∈ E with the property that i(β) α for all β ∈ E with β  β0.
If ID is an ideal of D then it is easy to check that I E(i) = {A ⊂ E: i(A) ∈ ID} forms an ideal of E .
Lemma 1. Let ID be a D-admissible ideal of a given directed set D and let {sα: α ∈ D} be a given net in a uniform space (X,Γ ). If
there exists a subnet {tβ : β ∈ E} of the net {sα: α ∈ D} such that i(E) /∈ ID and {tβ : β ∈ E} is I E(i) convergent to x0 , then x0 is an
ID-cluster point of the net {sα: α ∈ D}.
Proof. If possible suppose x0 is not an ID -cluster point of {sα: α ∈ D}. Then there exists an open set U containing x0
such that {α ∈ D: sα ∈ U } ∈ ID . Since {tβ : β ∈ E} is I E(i) convergent to x0, {β ∈ E: tβ /∈ U } ∈ I E(i) i.e. {β ∈ E: tβ ∈ U } ∈
F (I E(i)) i.e. {β ∈ E: si(β) ∈ U } ∈ F (I E (i)). But since i({β ∈ E: tβ ∈ U }) ⊂ {α ∈ D: sα ∈ U } and {α ∈ D: sα ∈ U } ∈ ID so
i({β ∈ E: tβ ∈ U }) ∈ ID . Hence {β ∈ E: tβ ∈ U } ∈ I E (i) which is a contradiction as I E(i) is non-trivial. 
In view of Theorem 3 and Lemma 1 we have the following result.
Theorem 4. If an ID -Cauchy net {sα: α ∈ D} in a uniform space (X,Γ ) has a subnet {tβ : β ∈ E} which is I E(i)-convergent to x0 and
i(E) /∈ ID then {sα: α ∈ D} is ID -convergent to x0 .
We shall now give a suﬃcient condition for a uniform space to be complete by the use of I-convergence of I-Cauchy
nets.
Theorem 5. Let (X,Γ ) be a uniform space. If for every directed set D, there exists a D-admissible ideal I such that every I-Cauchy net
{sα: α ∈ D} in X is I-convergent in X, then X is complete.
Proof. Let {sα: α ∈ D} be a Cauchy net and I a D-admissible ideal of D . Since I is D-admissible, {sα: α ∈ D} is also
I-Cauchy and so is also I-convergent by our assumption. Let {sα: α ∈ D} be I-convergent to x0 ∈ X .
Let E = {(U (x0), β): U ∈ Γ, β ∈ D}. For (U (x0), β) and (V (x0),α) deﬁne (U (x0), β) (V (x0),α) if and only if U (x0) ⊂
V (x0) and β  α. Then (E,) is a directed set.
Let (U (x0), β) ∈ E . Since {sα: α ∈ D} is I-convergent to x0 ∈ X , for each U ∈ Γ , {α ∈ D: sα /∈ U (x0)} ∈ I . Then
{α ∈ D: sα ∈ U (x0)} ∈ F (I). Since Mβ ∈ F (I) so {α ∈ D: sα ∈ U (x0)}∩Mβ ∈ F (I). Choose γ ∈ {α ∈ D: sα ∈ U (x0)}∩Mβ (since
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Then it is easy to check that the subnet {tδ: δ ∈ E} of {sα: α ∈ D} is convergent to x0 ∈ X and hence {sα: α ∈ D} converges
to x0. This shows that (X,Γ ) is complete. 
In [1] Dems observed that in a complete metric space every I-Cauchy sequence is I-convergent. However for a more
general structure like uniform space, it is not clear whether the result holds. But at the same time we shall observe that
completeness acts as a suﬃcient condition for an I-Cauchy net to be I-convergent under some further restriction on the
net. First we prove the following result which seems interesting and will be needed later.
Theorem 6. In a complete uniform space (X,Γ ) having a countable base, every ID-Cauchy net {sα: α ∈ D} has a subnet {tβ : β ∈ E}
which is I E -convergent for any E-admissible ideal I E of E.
Proof. Without any loss of generality, we assume  = {Ui: i = 1,2, . . .} are a countable base of Γ with the property that
each Ui is symmetric and Ui+1 ◦ Ui+1 ⊂ Ui for all i = 1,2, . . . .
Let E = {(U j,α): U j ∈ , α ∈ D}. For (Ui,α) and (U j, γ ) in E , deﬁne (Ui,α) (U j, γ ) if Ui ⊂ U j and α  γ . Then E is
a directed set.
We now deﬁne a mapping i : E → D as follows. For any U j ∈ , since {sα: α ∈ D} is I-Cauchy, there is a set AU j ∈ ID
such that γ ,α /∈ AU j implies (sγ , sα) ∈ U j . First consider an element of E of the form (U1, δ), δ ∈ D . Since AU1 ∈ ID ,
so AcU1 ∈ F (ID). Also Mδ ∈ F (ID), as ID is D-admissible. Then Mδ ∩ AcU1 ∈ F (ID) and so Mδ ∩ AcU1 = φ. Choose γ(U1,δ) ∈
Mδ ∩ AcU1 . Next consider an element of the form (U2, δ) where δ ∈ D . Since Mδ ∩ AcU1 ∩ AcU2 ∈ F (ID), we can choose
γ(U2,δ) ∈ Mδ ∩ AcU1 ∩ AcU2 . We proceed in this way and for any (U j, δ) ∈ E we take γ(U j ,δ) ∈ Mδ ∩ AcU1 ∩ AcU2 ∩ · · · ∩ AcU j . Now
deﬁne i : E → D by i((U j, δ)) = γ(U j ,δ) and t : E → X by t((U j, δ)) = sγ(U j ,δ) . Then it is easy to check that {tβ : β ∈ E} is a
subnet of the net {sα: α ∈ D}.
We shall now show that {tβ : β ∈ E} is Cauchy in X . For this let U ∈ Γ . There exists an  ∈ N such that Ui ⊂ U for all
i  . Take β0 = (U+1, δ) ∈ E (δ ∈ D). Clearly i(β0) = i((U+1, δ)) = γ(U+1,δ) /∈ AU+1 . If β1 = (U j,b) and β2 = (Uk, c) are any
two elements of E with β1, β2  β0 then from the above construction it is clear that
i(β1) = i
(
(U j,b)
) = γ(U j,b) ∈ Mb ∩ AcU1 ∩ AcU2 ∩ · · · ∩ AcU+1 ∩ · · · ∩ AcU j
and
i(β2) = i
(
(Uk, c)
) = γ(Uk,c) ∈ Mc ∩ AcU1 ∩ AcU2 ∩ · · · ∩ AcU+1 ∩ · · · ∩ AcUk .
Since β1, β2  β0 implies U j,Uk ⊂ U+1, hence i(β0), i(β1), i(β2) /∈ AU+1 and so (si(β1), si(β0)) ∈ U+1 and (si(β0), si(β2)) ∈
U+1 which implies (si(β1), si(β2)) ∈ U+1 ◦ U+1 ⊂ U ⊂ U . This shows that the net {tβ : β ∈ E} is Cauchy in X and so is
convergent in X , as X is complete. Consequently {tβ : β ∈ E} is I E -convergent for any E-admissible ideal I E of E . 
We are now in a position to state the following theorem.
Theorem 7. In a complete uniform space (X,Γ ) having a countable base , every maximal ID -Cauchy net is ID -convergent for every
D-admissible ideal ID .
Remark 1. Deﬁnitely Theorem 7 also gives a partial answer to Problem 2.16 [9] though considered for nets. In the context
of the above results the following open problems seem very natural.
1. Find an example of a complete uniform space X and a D-admissible ideal I for which there exists an I-Cauchy net
{sn: n ∈ D} in X which is not I-convergent.
2. Otherwise ﬁnd the necessary and suﬃcient condition under which completeness of a uniform space X is equivalent to
the condition that every I-Cauchy net is I-convergent in X .
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